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Abstract

Using field theoretical argumentation we show that General Relativity is the unique
field theory that can explain gravitational phenomena. In addition, we use this result
to analyse f(R) and Massive Gravity theories.
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Introduction

It is widely believed that General Relativity (GR) is the only theory consistent with the
theory of a massless spin 2 particle, the graviton. In the literature one may find several
proofs that that this is indeed the case [1, 2, 3, 4, 5]. But after a close inspection, one
may also see that all these proofs are somewhat dissatisfying, in the sense that they are
incomplete or biased on ideas from GR and none rely entirely on field theoretical methods
to achieve the final result, the Einstein-Hilbert action [1, 6]. In this work we present
a complete proof, from the very beginning. In particular, the approach we use here is
much similar to that in Feynman’s book [1], an analogy with gauge theories. There,
Feynman used Quantum Electrodynamics (QED) to obtain the linear structure of gravity
and from it could start doing calculations. Here we explore this idea further. By comparing
U(1) theories with Yang-Mills theories we identify how the non-linearity emerges in gauge
theories and we use the same pattern to implement the non-linearity in the linear theory
of gravity, while avoiding possible biased ideas or definitions from GR.

Although highly theoretical, this discussion involves many practical applications, for
example in the context of modified theories of gravitation that attempt to generalise
Einstein’s gravity. The motivations for such theories are many [7, 8, 9] and include yet
unsolved puzzles like the one of the cosmological constant. Most of those theories are
formulated in a field theoretical framework, so in order to discuss them we need a deep
understanding of gravity as a field theory. In the second part of this paper we will present
very briefly two classes of modified gravity theories as an illustration of the previous
discussion.

Our work is structured in the following way. In the first chapter we discuss how
should we approach the problem from a field theoretical point of view and present some
aspects on gravitation phenomenology which will be essential in our discussion. Then in
the second chapter we determine the spin of the graviton. The third chapter is dedicated
to construct and study some aspects of the linear theory of the graviton. Finally in the
fourth chapter we construct step by step the non-linear theory: from realising that it must
be non-linear to the computation of the infinitesimal graviton transformation. The last
chapter is devoted to a brief study of two possible alternatives to GR, while pointing out
how do they connect to the discussion of the previous chapters.



1 How to approach the problem

Our mindset is one of physicists who are already familiar with Quantum Field Theory
(QFT) and the Standard Model of Particle Physics (SM), but have just recently discovered
gravitational phenomena [1]. In such scenario, physicists will obviously search for a field
description of gravity, though we must always bare in mind that there may be better
theories which are not field theories. To construct such field theory, the first step is
to determine the field we are going to deal with. Next we should verify if such field is
already included in the SM, because then there would be nothing new to describe. If the
gravitational field is not described by the SM, we must construct it based on experimental
evidence. In particular, the experiments will point out what’s the spin associated with such
field. From this point forward the analysis becomes more standard [1]: we will construct
the only quadratic Lagrangian consistent with unitarity, couple the field to a yet unknown
physical current 7', compute the free propagator and so on, just like in any other field
theory. Some difficulties and subtleties will show up though, but that’s to be expected
from such mysterious interaction.
Long story short, we will try to answer the following questions:

1. From the observed phenomena, what are the properties of the gravitational interac-
tion?

2. Is there a particle in the SM that can explain all these phenomena?

3. If not, i.e., if the gravitational interaction is not described by the SM, what’s the
spin of this new gravitational field?

4. What is the most general quadratic Lagrangian we can build consistent with our
previous knowledge from QFT? What are the EoM and the free propagator?

5. How does this field interact with other fields (and perhaps with itself)?
6. Is our formulation consistent?

The last question, though an obvious one, will prove it worth of being stated at the very
beginning of this paper.

Let’s begin with what we observe. We gather here the 4 principal experimental facts:

e Gravitational Potential

Mainly through the measure of celestial bodies’ motions, we can conclude that there
is a purely attractive force between them. This force is proportional to the product of
the masses of the bodies and the proportionality factor is the gravitational constant
G, that does not depend on the particular configuration [10]. The explicit expression
of the observed potential is given by

Vo = o[ L), o

where M is the mass of the body generating such potential and r the radial distance
[6, 10].

The first term is identical to the electromagnetic case, an inverse law proportional to
the "charge". The second piece does not exist in classical Electromagnetism (EM),
but only in QED when we include loop corrections to the classical potential [11].
That’s not the case of Eq. (1.1), because this term is observed at the classical



level, hence cannot be generated by radioactive correction coming from Quantum
Mechanics. Such terms, in particular the 1/r? one, are important for example in the
perihelion precession of Mercury, which cannot be explained with a 1/r law alone
[6, 12].

e Principle of Equivalence

In standard geometrical formulation of gravity the equivalence principle plays a key
role in the formulation of GR, it allows us to connect the gravitational interaction
with General Coordinate Transformations (GCT) [13, 14]. The literature provides
us with many distinct formulations of the same principle, for example the weak and
strong versions [6]. But such details do not concern us, we focus on its very essence:
gravity couples to everything in the same way, i.e., G is an universal constant and
every gravitational interaction will depend on it. In terms of field theory this means
that all other fields that couples to gravity will do so with the same coupling constant

A= \G).

There are many experiments that validate the equivalence principle at the classi-
cal/macroscopic realm. At the quantum level experiments with bouncing neutrons
[15, 16] and neutron interferometry [16, 17] reinforce the validity of this principle
even in the quantum realm.

e Coupling with Electromagnetism

The potential in Eq. (1.1) is proportional to the mass of the source, and the force
is also proportional to the mass of the interacting particle. Does this means that
massless particles like photons do not interact gravitationaly? We suspect that
this is not true, since special relativity tells us that mass is energy and photon,
despite massless, have energy. Indeed, photons interact with gravity and the first
measurements that confirmed GR were of light deflection due to gravitational fields
[18]. In particular, the angle by which a photon is deflected under the influence of a
mass M is

Ap — AMG 7 (1.2)

To

where r¢ is the smallest distance between the photon and the massive object [6, 13].
Note that there is no dependency on the photons momentum and/or its polarisation.

In conclusion, gravity couples to everything that have energy; this includes both
massive and massless particles.

e Matter and Antimatter

We could imagine that gravity couples to matter and antimatter in different ways,
just like the gauge bosons of the SM do. To clarify this issue we need a quantum
mechanical experiment, in particular one that does not involve electromagnetic (EM)
interactions, as they’re much stronger than gravitational ones*. A very clear and
straightforward example is the neutral kaon oscillation. The neutral kaon, K, due
to its internal composition, is not its own antiparticle [19]. The SM predicts that
a K at rest has a non-zero probability of turning into its antiparticle, K°, and

*The ratio between the gravitational and electromagnetic force between two electrons is of order 1074°.



vice-versa, through the following amplitude [1, 20, 21]

d —p———— AN ——P—— S d S
qy Aq + w W

T —— N N—— 7 g 7

S W d S 0 d

where ¢ is a up type quark (up, charm or top), K° = (5d) and K° = <Js>. With this
piece of information, we realise that the Hamiltonian of the system is not diagonal
in the {K°, K} basis, instead the Hamiltonian eigenstates are*

KO+ KO
Kio=—"—""
1,2 \/E

Since in this reference frame the Hamiltonian accounts only for the energy coming
from the masses, the eigenstates have definite and measurable masses, say, mi and
ma. Inverting Eq. (1.3) and evolving K in time we obtain

(1.3)

K+ Ko

KO
V2

1 itc?
> K0 = = <K1 +e Ang), (1.4)
with

Am = mgy — my. (1.5)

It is indeed possible to measure this phase and set upper bounds on Am. According
to the Particle Data Group (PDG) the bound is [19]

Am

— <107, (1.6)
mi + ms

But all experiments are performed under the influence of Earth’s gravitational field,
therefore, if K9 and K° interact differently with gravity, there would be an extra
potential energy in the Hamiltonian, which would raise the bound in Eq. (1.6) [1].
Worst, if we considered the gravitational potential of the whole galaxy or even of
the universe, this shift would become arbitrarily large, preventing us from getting
anywhere near the bound (1.6). So gravity must couple to matter and antimatter in
the same way.

Now we go back and ask ourselves: is gravity described by the SM? The answer is
no, it is not. Due to the potential in Eq. (1.1) we conclude that gravity is mediated
by a massless particle, called graviton. The massless particles in the SM cannot be the
graviton, because they do not respect the principle of equivalence nor couple in the same
way with matter and antimatter. Therefore

No particle in the SM is the graviton

*Without considering C'P violation [12]



2 Spin of the graviton

We need to introduce a new field to describe the graviton and the first question is, how
does it transform under Lorentz transformations? Or equivalently, what is its spin*? We
will consider every possibility in the following discussion.

2.1 Half-integer spin

In the 60’s the idea that the neutrinos could play the role of the graviton was very popular
[1]. The neutrinos are fermions, so the punchline was to have a fermionic mediator,
something not present in the SM. Of course a fermionic mediator is possible, but there
are a few problems. If we want to calculate the potential due to an exchange of a single
(fermionic) graviton we should evaluate the diagram:

Though this isn’t a potential, but a scattering! Fermions carry spin angular momentum, so
the quantum numbers of the incoming particles will be altered, characterising a scattering.
We can solve this issue considering that, not a single, but two gravitons are exchanged:

(2.1)

At first such diagram poses no problem, but it was shown that the potential associated
with such process is proportional to r~°, i.e. it contradicts Eq. (1.1) [23, 24]. This
result can be understood in the low energy limit with dimensional analysis only. Consider
an exchange of neutrinos interacting with external leptons via 4-Fermi theory. The first
contribution to this potential comes from diagram (2.1), so we may conclude that the
potential generated by a neutrino anti-neutrino pair is given by

Vi ~ G%, (2.2)

where G is the Fermi constant. Considering a spherically symmetric potential, the only
way to obtain the correct dimension is to include a r=5 in Eq. (2.2), hence

V(r)s ~ —£. (2.3)

Similar calculations can be done using more general structures than the 4-Fermi theory
and also considering vector boson mediation [23, 24]; nevertheless Eq. (2.3) remains valid.

*Of course, in correct terminology massless particles have helicity, not spin [22]



2.2 Spin > 3

As the spin grows, so does the difficulty to construct the appropriate theory. It would be
certainly nice we could eliminate higher spins form the discussion. Fortunately we can do
it with the soft-emission technique [12, 25, 26].

Consider a scattering from the multi-particle state o to an other multi-particle state
B, with amplitude given by:

Moy= «

(2.4)

The in-particles with momenta p; and the out-particles with momenta p; can be either
bosons or fermions.

Given this amplitude we now let an external leg emit a soft-gauge boson of spin n with
momentum ¢; with soft meaning that the energy of ¢ being much smaller than any other
energy in the system. For this emission we have two possibilities: either a particle in the
state o emits the gauge boson

@ — Di (2.5)
b
or a particle in the [ state emits it
q
— Dj (2.6)
Pjt4q

We do not know exactly how’s the interaction between the particles, so we represent it as
a black blob:
k— 4

Dk p
\. v
(2.7)

The new amplitude for the emission of a single gauge boson through the k-th external leg

is
Mo = —i€pp, (@)™ - (propagator) - M(p £ q), (2.8)

7



where this tensor quantity I''"#" that depends on the type of the particle k, has n
indices because we embedded the spin n gauge boson in a n—rank tensor. Besides, Lorentz

invariance puts several constrains on I'. First, it must be a function of only p L1 where py,

is the momentum of the particle and m;, its mass. Second, the indices may orlglnate only
from p);, ¢* or Dirac structures in the case of fermions.
As said before we are interested in calculating the amplitude for the system to emit
a gauge boson from one of its external legs and, if possible, to write it in terms of the
original amplitude M. For this we must sum over all possible emissions in the external
legs. Considering first an emission through a bosonic in-external leg, the new amplitude
is .
i

Mo — =il e, (q) s Mo(pi — q). (2.9)

(pi —q)* —m;
All these momenta are on-shell, so p? = m?, ¢> = 0 and q"€u..(q) = 0. Now comes the
soft-limit, with which we obtain

pi-q=0, p;—qr~p;, (2.10)

therefore the tensor I'/* """ becomes relevant only at 0. Moreover, ['/* """ is contracted

with a polarisation tensor, so the only relevant component of it is

T (0) = pff -+ plfmT(0). (2.11)
The final amplitude is
~ 1
— it plme e, Ti(0) Mo. (2.12)
pbi-q
For a out-going particle the soft limit give us
~ 1
pg” . p] "€y L'5(0) M. (2.13)
bj-q

Equations (2.12) and (2.13) are the same even if the particles were fermions. We can
show this with a concrete example, for n = 1, in which the amplitude (2.8) is given by
[11, 12, 25]

1
—iexey(q)u(p)y ——M(p £ q), 2.14
QI Mg (214
where we have suppressed the spin indices and ey, is the (electric) charge of the particle.
When we apply the soft limit, this expression becomes proportional to
1 _ 1
+ er—eu(q)p"u(p) M(p) = £ex—eu(q)p" Mo. (2.15)
p-q p-q
So we still obtain the same answer.
The final amplitude M of the system emitting a single soft gauge boson is*:

phin
M~ Moy, (q {ZF ZF B B } (2.16)

q

One of the most important facts about gauge theories is the Ward identity; it ensure us
that our amplitudes are gauge invariant, and so our cross-sections. We can check the Ward
identity substituting the polarisation tensor by

Eﬂl"'“" (q) N qﬂlfll?"ﬂn 4.4 q“"{'ulmun_l + 0((12)7 (217)

*Only external leg emissions are relevant because of the singular factor of p - ¢ in the denominator,
which appears only for external legs.



where £’s are just functions characterising the gauge transformation. As this &£’s are
arbitrary, the equation

sz‘m . -p?"fj(()) _ Zpé@ .. pf”fz(o) (2.18)
J

i

must hold if M is Lorentz invariant. Eq. (2.18) is just a conservation law for powers of
momenta. If we have another condition on the components of the momenta in addition
to the usual 4-momentum conservation, the only way to satisfy Eq. (2.18) is with p* = 0,
for all momenta. This is clearly unacceptable, so we would rather have

(0) =0, (2.19)

for all particles, meaning that there is no interaction between them and the gauge bosons.
There are three cases where we can save the situation and still have interactions: spin
zero, 1 and 2. Spin zero does not transform under Lorentz, so Eq. (2.18) makes no sense
in this kind of theory. In a theory of spin 1, Eq. (2.18) give us the conservation of the
quantity T';(0). In spin 2 we obtain

>_piT5(0) = 3 piTi(0), (2.20)

which is still problematic. But if we consider that T';(0) = T';(0) = T'(0) = constant, we
obtain just the 4-momentum conservation, so our theory is interacting and consistent. For
other spins, though, nothing can be done.

One more remark on the fact that I'(0) = constant for spin 2 particles is in order.
This means that every field coupled to gravity will have the same coupling strength, f(O)
In other words, the equivalence principle is automatically satisfied when considering a
interacting spin-2 theory.

2.3 Spin 0

The simplest field is the scalar field that transforms under the (0,0) representation of
the Lorentz group and therefore has only spin zero degree of freedom (d.o.f.). In non-
relativistic situations we can model gravity as a scalar field with a massless Klein-Gordon
Lagrangian, which gives us the same expression for the 1/r potential in Eq. (1.1), so it is
not an absurd idea to consider first a scalar theory.

An argument to exclude the spin 0 possibility often seen in the literature is the following
[1]. Gravity, of course, couples to mass as in Newton’s theory, but it also couples to
energy since the photon interacts with it. The quantity that represents all the energy and
momentum of a theory is the energy-momentum tensor 7+ [13], though we still do not
know exactly how to define it. As explained in detail in Section 3.2, all matter will couple
to gravity through its TH¥. If gravity were a scalar theory the propagator would be just
ki?’ with no Lorentz index. Imagining a diagram

(2.21)



with amplitude given by

(Tl)““k%(Tz)”y, (2.22)

The propagator does not connect any Lorentz indices from 1 and 2, so the only way to

make the amplitude Lorentz invariant is to take the traces. Of course we know that the
energy-momentum tensor of the photon [10, 27],

1
TNy = F'Foy = 1" F* Fap, (2.23)

is traceless, thus the amplitude is zero, contradicting our experimental observation. But
the assumption that the amplitude goes with the energy-momentum tensor of the photon
alone is an a posteriori conclusion. The only way we have to compute this tensor is with
[12]
0%
™ = —— 0 ¢, — " L, (2.24)
zn: 00, ¢n "
where the sum is over the fields present in the Lagrangian. In the case of a graviton-photon
interaction the Lagrangian would be something like

L = ggraviton + D%photon + gint .

To say that 17 and T3 are computed only from .Zppoton and not from the full Lagrangian
is a consequence of a spin 2 theory alone as we will see in the next Chapters.

The correct way to exclude the spin zero theory is given in [4], where the authors
calculate generically the scattering in Diagram (2.21) and use it to compute the deflection
angle. This angle is given by

AG M Q‘E'- 5’2 -1
b? 171 ’

A‘-;Oscalar X (225)

with b the impact parameter, M the mass of the massive body, p'the photon’s 3-momentum
and €, the polarisation vector. Eq. (2.25) contradicts the observed deflection angle Ay
in Eq. (2.21). Therefore gravity cannot be mediated by a scalar particle.

2.4 Spin 1

If the graviton were a vector field, gravity would be just like QED or QCD, which at first
is no problem. The problem is that we already know the behaviour of both theories, in
particular, their effect on matter and antimatter.

We conclude that the only possible interacting theory capable of describing gravity is
one of spin 2. We now proceed in formulating this theory.

10



3 Linear Theory

3.1 Lorentz representation and quadratic Lagrangian

Lorentz representations are always obtained from Wigner’s classification of the Lorentz
group [22]. The case here considered is one of a particle with spin 2, so it contains 5 d.o.f.
if massive and 2 if massless. The minimal Lorentz structure that can fit so many d.o.f. is
a rank two tensor. A rank 2 tensor T*” has 16 d.o.f. and transforms as usual:

T — AP AT, (3.1)

But we know that this representation is reducible, in the sense that we can split TH" in 3
different pieces which are also tensors. Every tensor T*” can be written as

1
TH = S PP T, (3.2)

where S and F' are the traceless symmetric and anti-symmetric pieces, respectively, and
T =T} is the trace of the tensor. Each one transforms according to the transformation
rule in Eq. (3.1), hence are also tensors.

In terms of su(2)®su(2) classification we have [12, 22, 25]:

S

o (1,1) (3.3)
F' ~ (1,0) @ (0,1) (3.4)
T ~ (0,0) (3.5)

The anti-symmetric plays no role here as it describe spin 1 theories. In abelian theories
there is an unique quantity, F},,, which is constructed out of first derivatives of the vector
field and is also gauge invariant. In non-abelian case, the tensor Fj, is not per se gauge
invariant, but is still the only physical tensor constructed out of first derivatives [20]. They
both form the kinetic term for their respective theories, —%F,, F*” and —1F, u FHY So
an antisymmetric tensor cannot describe a spin 2 theory and what’s left is the symmetric
(traceless or not) piece, that indeed contains spin 2 d.o.f.:

(1,1)=2®160, (3.6)

therefore our gravitational field is represented by a symmetric tensor.

We will call the graviton field h,, (), a symmetric rank 2 tensor with 10 d.o.f.. The
graviton is massless, so it does not have 5 d.o.f., but only 2. We need to somehow get rid of
these extra d.o.f.. Before worrying with this problem, we must first build the Lagrangian
that describe this field.

The most general massless Lagrangian one can build with two derivatives of hy,, is

L = a0 hyy Do " 4+ b0y W™ 0 howy + 0, h Oy W + d Dy h O b, (3.7)

where a,b,c and d are real numbers and h is the trace of h,,. How to determine these
coefficients? There are many arguments that lead to the same answer. One particularly in-
teresting is one of unitarity, i.e., that our theory preserves probability. First we decompose
the Fock space and write h,, as the following

hyw = hpw + Oum, + Oymy + 0,07
! N\ N !
(1,1) = 2 @ 1 @ 0

That is, we write hy, in terms of a spin 2, a spin 1 and a spin 0 fields explicitly [12].
This is always possible since we still haven’t done anything to remove the extra d.o.f..

11



Note that we have enough redundancy to choose 9, h*¥ = 0 and 9, 7 = 0. Now we can
insert this into Eq. (3.7) and obtain

L = adolhy +0,m + 0,7, +0,0,m) 0% hy + 0, m, + 0y, + 0,0, ) +
+00,(0u Ty + 0,0, ) 0a(0a Ty + 0 0y ) + ¢ 0, (h + Om) 0, 0, 0, ™ +
+d 0o (h + Or) O (h + Om)

= a0%hu, 0o W' + 00, B 0% how + ¢ Oy h 0y WY + d 0o hO% h +
+(2a + b)m, 2?7 + (—a — b — ¢ — d)n P + (—c — 2d) P 7.

The spin 2 part is identical to Eq. (3.7) but we notice the appearance of some dangerous,
higher derivatives terms. Unitarity imposes that the propagator in momentum space
cannot decrease faster than é, a result that follows from the Kéllén-Lehmann spectral
representation [12, 20, 25]. So higher derivatives in the Lagrangian that would induce

higher powers of momentum in the propagator, for example

1

2
D—>E,

are forbidden. We can use this to determine the coefficients of the Lagrangian:

2a + b =0,
a+b+c+d=0,
¢+ 2d =0.

Choosing a = 1 we have the correct Fierz-Pauli Lagrangian [28]
1 1
Lo = 5 0 hyy O W — 0 WY 0% heyy + 0,y R O WY — B O0a h 0% h. (3.8)

This procedure guarantees that the Lagrangian (3.8) is unique, up to total derivatives.
With these coefficients the Lagrangian becomes invariant under the transformation

hyw = hyw + 0, T, + 0y T4, (3.9)

which characterises a gauge transformation®. It is not a surprise since every massless the-
ory is redundant [25]. From now on, we will refer to Eq. (3.9) as the gauge transformation
of the graviton field.

*hk

Before proceeding to the next section, we could ask ourselves if a "strength field tensor"
of the graviton field exists, just like F*¥ is for the photon field A#. Here we understand
such tensor as the one constructed from derivatives of the field that is also gauge invariant.
These requirements come from the analogy to EM, in which the same conditions are
satisfied, and will be modified when the theory becomes non-linear. It’s straightforward
to see that the only possibility is [9, 26]

1
Raﬁ,uy = oar_ [8a ap hﬂu - 8ﬁ a# hay — 0 0y hﬁ# + 85 dy ha“} s (310)
2Mp
with Mp the Planck mass. This tensor has some symmetries in its indices: anti-symmetric
in af and pv, and symmetric in the exchange of the pairs (a3) <> (uv). We must also

pay attention to the Lorentz representation of such tensor. In QED we have

11 ,
AMA«(§,§)-4.F“ ~ (1,0) @ (0,1), (3.11)

*Now 9, " and 9, h*" are not necessarily zero. Also, m here is dimensionless.

12



whereas for the gravitational field [20]
huy ~ (1,1) — Ropuw ~ (2,0) @ (0,2). (3.12)

One remarkable property of QED is the fact that it is possible to write the kinetic term
only in terms of the strength field tensor. Once again using the electromagnetic analogy
we expect to be able to write %5 in terms of R,z only up to total derivatives. We arrive

at
1

L= Mp(h" — 5nﬂ”h) R%,o, = Mph*" R, (3.13)
with
Ry = R%,, (3.14)
_ 1
R = WY~ nh, (3.15)

We note that there is a left over piece ;LW together with R, so one may argue that we do
not succeeded in rewriting .Z5 only in terms of R,g,, and hence R,g,, is not a strength
field tensor as we thought. Strictly speaking yes, but we must face that we are dealing with
a totally new interaction and we should expect some subtleties. In other words, analogies
have its limits, whence let’s not be hasty and discard a very good answer in E.q (3.13).

3.2 Equations of Motion and gauge fixing

Our situation now is very similar to Electrodynamics: we then had 4 components in A,
from which only two have physical meaning. To remove this redundancy we used gauge
invariance and transversality of on-shell photons to remove one d.o.f. each. We will
proceed in the exact same way, but obviously with some technicalities.

Let us begin computing the EoM

5Ss[hyn] = 8 / d'z Lo = 0. (3.16)

We need to be careful in the variation of the action because the dh,, is symmetric, so only
the symmetric part of the integrand needs to be zero. In the Lagrangian .Z5 we have only
terms with derivatives, so

0%
4 2 _
/d v Ou g gy Ohes =0 (3.17)
where
0L 8 oo a Bo | af o, 1 B o a 98 af
2 9 hag =1 Dy BT Dy B 40P Dy W14 = [P O ety O h}—n O h,
00, hap 2
is already symmetrized.
832 af ¥é) ao fo' Bo af o a af afs
= 0y 57— =0h" =07 05 h*7 — 0% 05 h”7 + 10" 0, 05 K7 + 0% 0" h — n*"h = 0,
00, hap

which can also be rewritten as
1 1
Or8 — 57 aﬂmh] — 2{8(58 R — X aﬁa Do h“"} + [aa P —277"‘5D}h =0.

The above equation is not in its most practical presentation. In order to reduce it we
introduce the following notation to simplify all calculations. Define the operations [1]

1
(wv) = = xnv vp

X _2(X + X7, (3.18)
_ 1

X = x ) _ S X (3.19)

The "bar" operation in Eq. (3.19) has some properties:

13



e Linear — mﬂ” = Xp,l/ + a)_/,uu;

® Ny = —Nuvs
® A :X(uy);
e« X=X,

remembering we are denoting the trace of the tensor X, simply by X. Using this notation
we arrive at

Ohap + 0a Ogh — 207 D¢, hg,
Now we may "bar" this expression, because all tensors we are working with are symmetric
and the "bar" operation is involutive with respect to symmetric tensors. Hence

_=0. (3.20)

= Ohap — 207 ( hg)y = 0. (3.21)

Eq. (3.21) is the most compact form of the EoM.
We expect that our field can be decomposed into Fourier modes

dp

so that a plane wave solution is given by

Ry () (p)e®”® + h.c., (3.22)

hyw () = %V(P)eiipwa (3.23)

with the on-shell condition p? = 0. The tensors €. (p) are the polarizations of the graviton
with respect to the momentum p. Substituting back into the EoM we obtain

p26a5(p) - 2pap(a€,8)a(p) =0=p&a = 0. (3.24)

These are 4 equations constraining the propagation of on-shell gravitons. Next is the
gauge-fixing, which could be something like the gauge Lorentz in analogy with EM. But,
if we take a closer look to the EoM, we will see that we obtain a wave equation if we fix

9, b (z) = 0, (3.25)

also known as harmonic gauge [1, 12]. Egs. (3.24) and (3.25) are in total eight equations,
hence from the 10 original d.o.f. only 2 remain for on-shell gravitons, which correspond
to the two physical propagating modes.

With the gauge fixed EoM we can calculate the propagator of the graviton. Consider
a source S, coupled to h,, in the following way:

it = A / de W (2) S (2), (3.26)

with A a coupling constant. This is the only way to couple a (tensorial) source to the
graviton and, if S, does not depend of the graviton field, it implies that S, must be
symmetric and conserved in the usual sense,

oM Sy (x) =0, (3.27)
because of gauge invariance. The EoM become then

Ohyw = ASu (3.28)
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and we want to find AWO‘B (p) such that
() = IAA L2 () Sas(p) (3.29)

in momentum space The momentum dependency is trivial, identical to the one in scalar
theory, namely % 2 . The tensor expression is more complicated, we need to discover what
rank 4 tensor is equlvalent to the action of the "bar" operation. We can easily calculate it
through the derivative of a barred tensor with respect to its unbarred:

_ SX v
OXH =60 Xog— 3.30
Oéﬁ 5Xaﬁ ( )
G ) 1
N — X)) _
0Xop 0X s [ 21 ]
= pHes,
where we’ve defined ]
pred = B {77#&771/5 + e — Uaﬁﬁlwl (3.31)
It is now straightforward to see that
1
PMVUAPJAO(,B - 3 [17 Wy 1 on #:| (3.32)

i.e., that the bar operation is involutive with respect to symmetric tensors.
The final form of the graviton propagator in momentum space and in harmonic gauge
is
ArvoB ——— pros, 3.33
(v) = 2 + e ( )

*kk

What is the physical meaning of S,,,7 Based on our experimental facts we know that
the graviton couples to energy and the rank 2 tensor that coincidentally represents the
total energy and momentum of a system is the energy-momentum tensor 7),,, which has
dimension 4. The conserved charges, @, associated with such tensor are

= /d3$ T,U,O' (334)

These charges are none other than the 4-momentum itself, since the definition of 7),, is
the flux of p,, across surface of constant x, [13]. But for a theory to conserve 4-momentum
it needs to be not only Lorentz, but also Poincaré invariant [12, 25]. So, if £ is a constant
four vector,

i'g Z 02 0bn _ (Z ) (3.35)
13 Db OEH 83u¢

where we have used the EoM. Hence the conserved tensor due to translational invariance
is in fact the same energy-momentum tensor defined in Eq. (2.24).

Another important point is the coupling A. Since S, is identified with 7, by di-
mensional analysis we conclude that [A\] = —1. Relevant to gravitational phenomena
is the Planck mass Mp, which is the fundamental scale of gravity, therefore A must be
proportional to Mp L

In short, from now on, we need to pay attention to three points:

e the energy-momentum tensor is intrinsically connected with the Poincaré group;

e from gauge transformations of the graviton, the introduced energy-momentum tensor
must be conserved;

e The dimensionfull constant A has dimension -1 and is proportional to ﬁp'
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4 Non-Linear Theory

4.1 Why non-linearity?

At first glance, the free theory looks just fine and it remains only to couple it with some
matter field to make experimental predictions. However, we must not overlook the phe-
nomenology of the gravitational interaction previously discussed, in particular the one
that determines the potential between two sources. It was given by Eq. (1.1)

r

where M is the mass of the source (here we are considering the dynamics of stellar bodies,
for example).

The machinery of Feynman diagrams help us understand how non-linearity emerges
and why it solves the issue with V' (r). Take for example Mercury’s perihelion precession.
The first order, Fourier transformed potential between the Sun and Mercury is given by
the following diagram

iMnVi(D) = @@ (4.1)
where M, is the mass of Mercury. The crossed dots in the above diagram means current
insertions, in other words something that generate gravitons [11, 12]. In our example a
classical source of graviton are masses, hence the insertion of Mg, the mass of the Sun,
generates a graviton with momentum p and the other mass, M,,, absorbs it. In terms of
the energy density p, these stationary sources are given by

p(&) = M&*(& - §), (4.2)

with 4 the location of the mass M. Therefore, the only non-vanishing component of the
energy-momentum tensor is the 00 component [6], thus, according to Eq. (3.33), the
amplitude in Eq. (4.1) is given by

~ 1 ~q0. i Mo M, 1
M Vi(p) = 5 TOTY Poogp— = —ro — 1 — 4.3
iM,, Vi (p) arg Lo Tm ooy = 37 57 52 (4.3)
where we introduced the ﬁ factor because of dimensional analysis. The above potential
P
in coordinate space is indeed the Newtonian potential
GM,

Vilr) = -, (44)

.

With the theory .#5 alone we can never generate a term that falls off like 1/72. This
is obvious from the diagrammatic representation in Eq. (4.1). The only way is to admit
the idea of self-interactions between gravitons, which is not an absurd one since gravitons
can carry energy and momentum. By carrying energy they induce an energy-momentum
tensor and therefore couple via a term ~ AT, which is non-quadratic. We are not interested
in the explicit form of this T#"; here it will be enough to use just dimensional analysis and
physical reasoning. By self interactions we mean that gravitons interact with each other,
so if the source Mg emit two distinct gravitons, they may first interact with each other
and then arrive at M,,. Diagrammatically

where we have identified G =

iMmVa(p, k) = gL . (4.5)
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At the right side of the diagram are the two gravitons emitted from the Sun. The vertex
gives the same factor of A as in Eq. (3.26), while the rest is straightforwardly given by

A M2 GEME

sz(?“) = +M7%T72 X T2 .

(4.6)

The potential in Eq. (4.6) is exactly the one predicted by GR if the proportionality
constant is 1 [6, 13]. Other theories of gravitation, like Brans-Dicke theory, predict the
same potential structure but with distinct proportionality factors [6]. As experimental
tests of this phenomena favours GR, the coupling constant of gravitation is given by
A= Mpt.

If we wanted to calculate even higher order corrections to the Newtonian potential, we
would need to calculate the following amplitude

iM,, Vs = + + . (4.7)

Note that we’ve included a quartic interaction, which we have no reason to not include.
The correct interactions must be calculated from Eq. (3.26), i.e. to calculate the energy-
momentum tensor explicitly, something we will always avoid in this paper. Another remark
on the above amplitude is that it is of order G® and as none of our present experiments
probed any effects of this order, it’s meaningless to calculate Vs [6, 12].

The conclusion here is simple: a theory of gravitation must be non-linear, i.e. must
include graviton self-interactions. With the perihelion shift of Mercury we can infer the
3-point graviton vertex, but nothing more. We still do not know if there is higher dimen-
sional operators in the Lagrangian or if it stops at cubic order. Next we shall determine
how much non-linear gravity is.

4.2 First consistency check

In this section we invoke the sixth question we’ve made in the first Chapter: is our theory
consistent? Based on the previous section we have realised that .5 alone is not a consistent
theory, because we know from observation that the classical action must introduce higher
order operators. But the situation is a bit more subtle as noted firstly by Gupta [29] and
the later again by Deser [3].

A free graviton described by .Z5 carry energy and momentum, so it has a non-vanishing
energy-momentum tensor 74", As stated by Eq. (3.26), the existence of such tensor
induces a self-coupling

&:A/fxmﬂy, (4.8)

which is, based in Eq. (2.24), a cubic Lagrangian in h. The new interacting theory of a
graviton is now given by

S =5+ 8s. (4.9)
The punchline is: S5 also carries energy and momentum. Since the gravitons now interact,
they have energy and momentum which were not considered in 74". So we need to once
again compute an energy-momentum tensor, this time from S3. This gives a new tensor
T4" that couples as

&:A/fxmﬂy. (4.10)
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This term is quartic and of order A2, because S3 was of order A. And so on, every new
piece of the action contains new energy and momentum which were not considered by other
tensors, hence induce new higher order couplings. It is then obvious that this procedure
never stops, i.e. we will need to compute an infinite series of energy-momentum tensors.
Note that only then the theory becomes consistent, because all self-interactions of the
graviton would be considered.

More precisely formulated we have the following. Consider two functions: 7, that
compute the energy-momentum tensor of a given action; and k, that takes an energy-
momentum tensor and couples it to the graviton via Eq. (3.26). Note that we do not
assume that 7 is given by Eq. (2.24) for reasons that will become clear in the next
Chapters, this means we are not yet interested in its explicitly form. The composition of
these functions give

(HO?])(SQ) = Sg, (411)

= (k0on)"(52) = Sa4a. (4.12)

From the definition, both functions are linear, so we may instead apply them in the
following way

(kom)(Sy+---4Sn) = S3+ -+ Snt1. (4.13)
Since the information of Sy is lost on the right hand side, we define a new function ¢ by
() =Sz + (kon)(), (4.14)

hence
N N+1
n=2 n=2
Composing £ N times over So we obtain

N+2 ')

(o---08)(S) = ZSnmS:ZSn, (4.16)
n=2 n

=2

and naturally S is the final action of the gravitational interaction. It has the important
fixed-point property
&) = 5, (4.17)

which guarantees us a kind of uniqueness of S, but nothing that really aids us to find the
functional form of S. At the same time, Eq. (4.17) ensures us that S is the final action
sought, because it means that every energy and momentum of the graviton are considered
in the theory, i.e., our theory is consistent. Performing such calculations is a hopeless job;
every derivation in the literature of GR starting from QFT uses some shortcuts biased on
ideas of GR to not perform the sum S [1, 3, 4], or used some other argumentation that
did no allow to calculate S explicitly [2, 5].

We won’t make this sum either, but we can use our knowledge of QFT to infer the
form of the final action. Back in Section 3.2 we found a compact form for the quadratic
action:

1 v I
S2 =53 / dhe (g + W) RS, (4.18)

where we have added a total derivative nR term*. The statement is that the final form of
S is actually the same as of Sz, in other words, the non-linear R®, 5, and n"" + AWM are
relevant physical quantities and not just random definitions. The basis of our argumen-
tation is an analogy with SU(N) gauge-theories. Take for instance the only linear rank
2 tensor constructed out of spin 1 fields and its derivatives invariant under U(1) gauge

*The justification of such artificial step will become clear in the next section.
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transformation, F* = 9t A¥ — 0¥ A¥. This tensor is analogous to R,,3, in the sense
that it is linear, gauge invariant and unique. If we upgrade U(1) to a SU(N) group, just
FH isn’t adequate to describe the theory anymore; it must become non-linear

Fuy — F, =0, AS — 0, A% + g f*" A AS,. (4.19)

Despite losing gauge invariance and linearity, F}, still is the fundamental quantity in
Yang-Mills theory, because it not only describes free-propagation of gluons but also their
self-interactions, which make the theory consistent [11, 20]. As consequence, the Yang-
Mills Lagrangian may be written only in terms of it. In the case of gravity the insertion
of self-interactions will break the linearity and gauge invariance of R, g, but since it is
the relevant physical quantity of the theory, the Lagrangian will still look like (3.7), just
as in Yang-Mills theory.

Not only R,,aps should be modified by non-linearity, but also the other term in the
Lagrangian, 7, + )\BW, should also become non-linear, so that the Lagrangian S will be
written in the following way

S = /\12/(1,41‘ (Non-linear n** + Ah**)(Non-linear R0 (4.20)
We must not forget that Yang-Mills theory, in contrast to U(1) gauge theories, has
non-linear gauge transformations. Therefore Eq. (3.9) will also be modified by the non-
linearity of the theory. The determination of such transformation is the key point: if we
compute the infinitesimal (first order) transformation of the graviton in the full non-linear
regime, we will be able to determine what is the new symmetry group and then construct
explicitly the non-linear version of Eq. (4.16). This procedure is the same for Yang-
Mills theories, but naturally in such theories only terms up to the quartic order appear,
nothing like the infinite non-linearity of gravity, hence the nature of the new group of
transformations will be much more wild and complicated than a gentle SU(N).

4.3 Second consistency check and Covariant Derivatives

In Section 3.1, the construction of the interacting Lagrangian in Eq. (3.26) together with
gauge transformation of Eq. (3.9) implied the usual conservation of the tensorial source
Sy

0, 5" =0. (4.21)

As the same thing happens for the electromagnetic current j#, one could think that there
is no issue with Eq. (4.21) and that indeed we should have conserved energy-momentum
tensors. That is not the case, as noted by Weinberg and Witten in [30], where they
prove that a theory with a massless spin 2 particle cannot have a conserved energy-
momentum tensor. This theorem, known as Weinberg-Witten theorem for spin 2 [12],
justifies why we did not wanted to use Eq. (2.24) for the energy-momentum tensor at all,
else our calculations would be automatically inconsistent. One should not be surprised
by this outcome. Following the analogy between abelian and non-abelian gauge theories,
from the moment that the theory acquires a global non-abelian symmetry, under which
massless spin 1 particles are charged (i.e. they self interact), no gauge invariant conserved
current can possibly exist*. This is clear in Yang-Mills theories, where the EoM imply not
conservation, but covariant conservation!

D,Fj, = j, = Dyj, = 0. (4.22)

*Also known as Weinberg-Witten theorem for spin 1.
TNote we are sloppy with up-down index notation, leaving implicit that the contraction of repeated
indices is made in the usual Lorentz invariant way no matter their upper/lower position.
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So taking the Weinberg-Witten theorem for spin 2 into consideration, we must ask our-
selves once again: is our theory consistent? Our theory is consistent as long as we deter-
mine how the energy-momentum tensor is conserved, if it is in some sense. Obviously, T*"
should be covariantly conserved, because the existence of a strength field tensor implies
the existence of covariant derivatives, although we still do not know what exactly covariant
here means.
It is well know that the most fundamental definition of a strength field tensor is [11,
12, 13, 14]
(D, D] = (Field Strength Tensor), (4.23)

where D, is the covariant derivative. We have already determined R, o3 from alternative
argumentation, therefore we are in position to actually determine the covariant derivative
D,,. Take a scalar field ¢ and apply the commutator of covariant derivatives

[D,, D¢ = ? (4.24)

On the right-hand side we must obtain ~ ¢R,, s with only two free indices*, hence the
only possibility is
[DM’ DV]¢ ~ ¢Raa,u1/ = 07 (425)

because of the antisymmetric property of R,,o3. The term ¢R,,, is not considered because
R, (the Ricci tensor) is symmetric in pv, while the covariant derivative is antisymmetric.
We cannot then determine anything from a scalar field; we choose instead a vector field
V4. The commutator of covariant derivatives, as the definition of a strength field tensor,
should give all the information contained in R,,g, therefore on the right-hand side of
Eq. (4.23) R,,ap must have no contracted indices’. The only possibility, while taking into
account the symmetry properties of the strength field tensor, is

[D,ua DV]Va ~ VaRoa;w- (426)

Before proceeding, we note something quite odd. In gauge theories, be it a U(1) or a
Yang-Mills one, the covariant derivative is a very well determined object, in the sense that
we may write it as [11, 12]
YM :
D, =0, —igT" Aj,. (4.27)

The covariant derivative DZM is given by Eq. (4.27) regardless if applied on a Lorentz
scalar, vector or tensor. In the case here considered we see that this is not true; if we state
that the covariant derivative we want to compute is given by

D;, =0, +&u, (4.28)
with a fixed field §,, we will obtain on the one hand that
0,8 — 0, &) =0 (4.29)
by Eq. (4.25) and on the other hand that
0,6 — 0y EulVa ~ Vo Roapw, (4.30)

by Eq. (4.26). The above equations will clearly result in distinct structures for ¢,,, contra-
dicting our hypothesis in Eq. (4.28). In other words, the covariant derivative we ought to
determine depends on the Lorentz structure of the object it is applied to, else there is no

*We do not introduce terms with derivatives of the fields, since there are no such terms in gauge theories.

"The scalar field is obviously an exception to this rule, but it will become clear that the covariant
derivative of a scalar field is just an ordinary derivative, so there is indeed no information on the strength
field tensor.
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way to have Eq.s (4.25) and (4.26) simultaneously. As noted in [20], the analogy between
gravity and Yang-Mills theories breaks down completely at this point and the only way to
determine the covariant derivative in the general case is by means of GR techniques.

Notwithstanding we will proceed with a bit more care, in the sense that we should also
note that Eq. (4.26) implies that the connection "¢," of the covariant derivative mixes the
Lorentz indices, because V, appears in the right-hand side of Eq. (4.26) and not V, as
in the left-hand side. Hence, at least for a vector, we can write the covariant derivative
generically as

V.V, =0,V, - 17, Vs, (4.31)

where I'),, is the connection®. With the same line of thought it becomes clear now that
since a scalar field has no Lorentz indices, then the covariant derivative is just the usual
derivative:

Vup=0,0¢. (4.32)

From Eq. (4.32) we find the first information on the connection I'. Expanding Eq. (4.25):
Vi Vilé = V(@ 6) = V(0 0) = (T8, = T2, ) dad =0 (4.33)

=T, =T%,. (4.34)

For a rank two tensor the situation is a bit more complicated, but also straightforward.
The commutator of covariant derivatives applied to a rank two tensor is given in general
by three terms

[VW VV]Taﬂ ~ aTRamw + bTagRgglw + CTUBRUQW,, (4.35)

with a, b and c¢ constants, and T" = T,. The term with the trace of T3 must vanish.
To see this consider two cases, one with a T3 which is symmetric and the other with a
antisymmetric tensor. For the first case, since on the right-hand side of Eq. (4.35) Ragu =
—Rga and on the left-hand side 1,3 = T4, we must have a = 0. For an antisymmetric
tensor, this term is obviously zero, since T in this case is zero. The coefficients b and ¢
must be equal by similar argumentation. Eq. (4.35) becomes then

[vu’ vu]Taﬂ ~ TaaRoﬁ,ul/ + To’ﬂRaa;u/- (436)

With the same reasoning as for a vector field, the connection of a covariant derivative
applied to a tensor must have the following structure

vuTaﬁ = a/,L Taﬁ - 'YZOCTU,B - VZﬁTaav (4'37)

where 7, = 777, because of symmetry. The coefficients of both terms must also be equal
by symmetry. Note that we did not write v = I'; they are obviously related in some way,
but we cannot guarantee that they are the one and the same.

Let us compute the commutator in Eq. (4.26), which is now written as

Vi VilVa = 04 (ViVa) = %0 ViVo =1 VoVa — (1 <> v)
= 0 (O Va = T0aVe) = Va0 Vo = T V3) = 0 (90 Va = T3 VA ) —
—(n < v)
= (0TG50 = 0uT0a) Vo + (Tha = Via) O Vo = (P50 = 50) O Vo + O(T),

*The minus sign was chosen just to match the definition from GR, but is totally arbitrary since T is
still unknown.
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Note that the higher order terms ~ I'y were rejected, because we have only the first order
Rsoy to compare with. Either way, these corrections would enter in the term proportional
to V, in the following way

Dy FZa - au Fga + O(F’Y) =0, F,Za - 8# FZa + ’Yli\oz K,u - %i\a C)\r;u (438)

hence they do not interfere with the terms proportional to derivatives of V,. Looking at
Eq. (4.26) we find no such terms with derivatives of the field, therefore they must vanish.
The only way to do so is to impose

v =T. (4.39)

Finally, we may write from Eqgs. (4.26), (4.38) and (4.39)
Oy F,Za - aﬂ Fga + Fi\a Ku - Fl)/\()é Ku = ARUCY,LW’ (440)
with A a constant. Note that
Roopw ~ O(0*h) = 0T ~ O(9* h), (4.41)

whence

IT ~ O((0h)?), (4.42)
so we may indeed neglect the I'T" terms. The equation we must solve is
0y FZa - 8# Pga = ARU&MV' (443)

First we redefine I' — — AT to get rid of the constant. Second we note that the expression
is antisymmetric in pvr, hence

€unil20, 15, + Roau + symmetric terms] = 0, (4.44)

where € is the Levi-Civita tensor. Next substitute Eq. (3.10)

A
€ |20, 17, + 5(8(7 Ophay —0a 0y hgy — 05 Oy hay + 0 Oy hoy) + symmetric terms} =0,
(4.45)
which due to the antisymmetrization is also equal to
€20, 15, + XN0o Op har — 0a 04 hoy) + symmetric terms| = 0. (4.46)

Isolating the derivative in z*:
€k Op 2154 + AM05 hay — Oa hoy) + symmetric terms + constant term] = 0,  (4.47)

but since the fields fall to zero at infinity, such constant term is zero. The symmetric term
is one that contracted by the Levi-Civita together with 0, vanishes, i.e. must be 0, hao
(remember Eq. (4.41)). Considering also the symmetry of Eq. (4.34), the final form of
the connection is N
Fga/ = 5(811 hov + 0y hga — 05 hav)- (4.48)
Fork
One remark before proceeding regarding the up and down index notation. As a field
theorist, one is used to write every index up or down, because it does not make any
difference as long as attention is paid. Here we can already notice that the index position
is not so arbitrary. Take for example the following object:

Vu(VaV9). (4.49)
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As usual V2 is a scalar, hence the covariant derivative is just the usual derivative, according
to Eq. (4.32). At the same time

Vu(VaVe) = VoV, Ve 4+ VOV, V,, (4.50)
which follows directly from Eq.s (4.31), (4.36) and (4.37). Explicitly we can write
VaVuV® 4+ V(0 Vo = T Vs ) = 0 (V2). (4.51)

The equation above is only satisfied if the covariant derivative of a contravariant vector
has covariant derivative given by

V, V=0,V T3, V7, (4.52)

which is almost identical to Eq. (4.31), but with a plus sign. In conclusion, when applying
covariant derivatives, we should be careful with up and down indices, whereas for other
cases we may use the standard sloppy notation.

4.4 Diffeomorfism Group

In this last section we will use the result of Eq. (4.48) to compute explicitly what is the
new transformation of the graviton and then determine the new symmetry group.

Previously, we stated that transformation in Eq. (3.9) will be modified to the more
general expression

due to the non-linear nature of gravity. To determine such transformation we will use
once again the Weinberg-Witten theorem. If not conserved, the energy-momentum tensor
should then be covariantly conserved. As we already determined the covariant derivative
of a rank 2 tensor, we are in position to do such calculation.

Consider a gauge invariant (i.e. that does not depend on the graviton itself) energy-
momentum tensor T#” coupled to the graviton

S =\ / d*e h T, (4.54)
After a transformation given by Eq. (4.53), the action S’ remains the same, therefore
55 = A / de Sh,, T = 0. (4.55)

The transformation 6h,,, is the one defined to satisfy Eq. (4.55), using only the fact that
v, TH =0, (4.56)

which is our consistency input.
Once more, let’s use the analogy with gauge theories. The gauge transformation of a
U(1) theory is given by

1
A= Ayt~ 9,0 (4.57)

The non-linear version of transformation (4.57) is given by the Yang-Mills gauge transfor-
mation 1
Al — A+ ;Dua“. (4.58)

Transformations (4.57) and (4.58) are related, given some details, by the exchange

8, < D, (4.59)
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Using this piece of information and Eq. (3.9) we write 0h as
Ohyy = Vyum, + Vo1, (4.60)

and we must check if this is consistent with Eq. (4.55). Expanding the covariant derivatives
and also paying attention to the contravariant nature of the indexes, we find that

55" = 2 / e, (V“T’“’ - gaa hT”“), (4.61)

which is not necessarily zero because there is a left-over term with the trace of h,, . If such
term wasn’t present, everything would proceed nicely, so we need to further investigate it.

Note that based on our previous argumentation we would expect 45’ to be given only
in terms of V,T*, which is zero for an arbitrary transformation parameter m,. With this
in mind we rearrange Eq. (4.61) as

/ ' (Ohy — Amy 0, )T = —2 / d'z 7,V TH. (4.62)
Integrating the term with h by parts in the left-hand side yields
/ d*z (6hyy + A0y muhTH + Am,h 0, THY) = —2 / d'z m, v, T . (4.63)

The covariant conservation allows us to replace T by I'T, but then hI'T would be a
second order operator, hence we may neglect it. Also neglecting second order terms we
rewrite the above expression as

/ dx (1 + ;h) Shyu T = —2 / d'e 7,V T (4.64)

where we have taken into consideration the explicitly form of Eq. (4.60). We may interpret
this formula in two distinct ways. The most obvious way is to re-define Eq. (4.53) with

5Py = (1 + ;‘h) SRy, (4.65)

but then we would be forcing the result to appear. The other less intuitive way is the
following. Eq. (4.60) gives us explicitly that

Shyy = 0pmy + 0y Ty — Ma(Op hav + 0y hap — Oa ). (4.66)
Note first the last term of Eq. (4.66)
h,uu — h,uu + Ao Oa h,uu + e (467)

and remember that, as already stressed out at the end of Section 3.2, T*¥ is intrinsically
connected with the Poincaré group. Hence the obvious interpretation of such term is

hyw () = hyp(x + Am(x)) +-- - . (4.68)

In other words, given the symmetry in question (translational symmetry) we identify the
parameter that characterises the transformation. This quantity is

Cu(x) = xy + Ay (). (4.69)

The function (,(x) is nothing more than a coordinate transformation and since it is a
quite general one, there is no need for the integration measure to remain invariant; it will
transform as

|0z

4 4
d'a = |5¢]d'¢ (4.70)
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We conclude from Eqs. (4.55), (4.61) and (4.70) that we forgot to consider the transfor-
mation of the measure. Since we have argued that Eq. (4.64) should be the correct form
of 5 (sustained by the analogies with gauge theories), it is clear now that the induced
transformation on the measure in terms of h,, is

d¢ = (1 — ;\h> d*z. (4.71)

At the end, when we perform a transformation (4.53), we obtain
S — 89" =\ / d*¢ Shy, TH = —2) / d*z w, v, T, (4.72)

which is zero as needed.

The next step now, given the new transformation parameter ((z), is to rewrite dhy,
in terms of ¢ alone, because it is the physical parameter of the general coordinate trans-
formation symmetry group. Note that we will not redefine Eq. (4.53), but only write it
in a different form; we are in position to do so due to the integral in Eq. (4.55), therefore
we may integrate by parts Eq. (4.53) to obtain:

AN oh T = —ma(0p hav + Oy hay) TH + - -
= [(Ouma)hav + (0y Ta)hap]TH + Tahay 0 TH + Tahay 0, TH + - -,
where we ignored second order terms comming from d*¢. Once more, the (covariant)
conservation of T*” allows us to substitute 01" by I'T’, but since there is already an hqg in

the expression, such term would be of second order, hence can be neglected. At the end,
the final form of the graviton transformation is

Shyy = 0pmy + 0y Ty + ANOp o) haw + A0y o) hap + ATa Oa Py, (4.73)

and now we will see how we can write it in terms of ¢, alone.
We begin our demonstration using Eq. (4.68) and neglecting O(7?) terms:

P (€) = Py (O) + 0 + Oy + N0 Ta ) haw (€) + MOy Ta) hay(€)- (4.74)
Next we sum a zero*:

Nuv — NMuv = 0 (475)
A+ 1 (€)= A+ Py (O) + 0y + O 4 A o) s (C) + A(Dy Ta) B (€)-
(4.76)

Now we note that 9

Ly
== 178 4

al‘V 7711 ( 77)

hence

A 0 4 1 (Q) = Q) + 0u Ay + 0wy + Oy T + A0 Ta ) haw () + A0y Ta) By (€)-

(4.78)
The next step is to make (’s appear. Neglecting 72 terms we arrive at
Oz, + Amy) O(xy + A7)
M + M (¢) = S ST EI T (s 4 Al (), (479)
which is equal to
0C,(x) 0, (z
o+ A (0) = BB EAD (4 A (@) (1.80)

*n has dimension zero, that’s why the A\™! factor.
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We rewrote the graviton transformation only in terms of ( as desired.

The transformation law in Eq. (4.80) characterises what it is called group of diffeo-
morfism, i.e., a group of differentiable functions with differentiable inverse whose product
is the composition between functions. This is indeed our case because it is clear in our
derivation that ((z) is an arbitrary function that’s always connected to the identity,

Cux) = x) + Amy(z), (4.81)

therefore can always be inverted. An odd thing in Eq. (4.80), however, is the presence of
the metric 7, in the transformation law of the graviton. The graviton by itself does not
have a nice transformation property, but the quantity

G () = Ny + Ay () (4.82)
does have one: 8, (z) 3¢, (x)
(0 = 2D X (e, (1.89)

Throughout this Chapter it was made clear that the symmetry group in question is the
Poincaré group. This group, which at the level of S5 was a global group, becomes now in
non-linear regime a local group, as stated in Eq. (4.81). Such change in the nature of the
group brought huge changes to our theory: infinite non-linearity; covariant derivatives that
depend on the Lorentz structure; qualitatively distinction between up and down indices,
and so on. But definitely the most striking change is in Eq. (4.82), which means that
the graviton field is not a tensor with respect to the new symmetry group induced by it,
but g,, instead. This is the reason why we have introduced a nR term in Eq. (4.18),
for the strength field tensor will come up naturally as a tensor from relation (4.23). As
a consequence all indices contractions must be made by g,, and not simply by 7,,. Not
only that, but also the integration measure d*z is not invariant anymore, since Eq. (4.81)
is not linear in z. In a few words, the situation becomes a mess.

Fortunately, infinite non-linearity comes with a spectacular advantage: geometrical
interpretation [6, 13, 14]. The definition of g,, in Eq. (4.82) means straightforwardly
that the metric of the space-time manifold is not flat anymore. In Differential Geometry
(DG) program, all inner properties of a manifold can be computed from the metric g, , for
instance the affine connection I‘ij, the curvature tensor R,,.g, the covariant derivatives
V,, and also the new invariant integration measure d*z\/— det g,,,. From this geometrical
approach we may recover our discussion in weak field limit, i.e. Ah < 1. Although one
must note that in our prescription A, is not necessarily small.

Despite the method of general covariance together with DG being much more straight-
forward, elegant and simpler in some sense, the field theory method here described has
two advantages. First, it guarantees that the theory given by the action S in Eq. (4.16)
is unique, something the usual derivations of the Einstein equations cannot. Second, we
already have the action for the non-linear theory, which is given by the Einstein-Hilbert
action [1, 6]

Sgx = M3 / d*z\/—gR, (4.84)

where g = det g, and R = g" R, ,,. Action (4.84) is precisely the non-linear version of

the action in Eq. (4.18). With DG alone we can determine (infer) the Einstein’s equations
and at any point there is a connection to field theory, therefore DG cannot determine the
action Sgg as precisely as with our argumentation.
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5 Modified Theories of Gravity

Now we start the second part of this work. Here we will analyse some of the so called
Modified Gravity (MoG) theories, in other words theories that attempt to generalise Ein-
stein’s theory. Although GR is a very successful theory, we search for new theories in
order to explain yet unsolved problems in it, for example the Cosmological Constant (CC)
problem or issues within cosmology itself. In this sense we seek not for small distances,
but instead large distances modifications, also named Infrared (IR) theories. Such theories
shall be constrained by the fact that GR is the "effective theory" at distances smaller than
Hy ! hence every prediction of a MG should only differ significantly from GR at distances
larger then H, L

In this paper though, we are not interested on only the phenomenological motivations
but also on the theoretical ones, which follows from the discussion from the previous
chapters. We ask ourselves, how do we change GR in a non-trivial way if GR is the unique
field theory of a massless spin 2 particle? The complete answer to this question is still
unknown, we will, however, illustrate it with two examples: f(R)-theories [31, 32] and
Massive Gravity (MaG) theories [5]. They represent two distinct families of MG theories.
The first is a generalisation of GR formulated with field theory and it is smoothly connected
to GR, in the sense that we can take some smooth limit to re-obtain GR field equations.
The latter is also formulated with field theoretical methods, but is not smoothly connected
to GR due to the introduction of a mass to the graviton.

5.1 f(R) theories
We begin our discussion with the so called f(R)-theories, which are defined by the action

Sy =M} [ d'ov=gf(R) (5.1)
where f is the most generic function of the Ricci scalar R

f(R):~--+%+aoA+R+a2R2+m, (5.2)
where «,, are arbitrary numerical constants and A is a possible cosmological constant.
Note that by taking all a;, to zero we re-obtain the action given in Eq. (4.84), in other
words, usual GR. In this manner that we say that GR can be smoothly obtained from Eq.
(5.1).

Now we ask ourselves, is this theory a truthful modification of GR? The answer is
surprisingly no, although it is not so simple to prove it. If we are interested in any

modification at all, we should assume that fll%]; # 0, because else we would have
dQ—f—O:f(R)—R%-aA (5.3)
dR2 - - 043, *

which is just usual GR. Hence we can assume that its second derivative is different from
zero. This allows us to perform a Legendre transformation on f with conjugate variable
¢ [33]. Note that the ¢ variable is a scalar due to the fact that R is also a scalar. Such
transformation gives us

f(R) =¢R—V(9), (5.4)

with V' the Legendre transform of f. Substituting the above expression in the action (5.1)
one obtains

5= M} [ d'ey=g(Ro - V(o)) (55)
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One remark before advancing in our proof is in order. A particular case of Eq. (5.5) is
Brans-Dicke theory [6], for which the potential V' is given by

_v
9

with w a dimensionless parameter. This theory was proposed by Brans and Dicke in 1961
and was one of the first attempts to modify gravity. Here we see that it is a particular
case of a more general situation.

Returning to our proof, it is not yet clear why should Eq. (5.5) be GR plus some extra
d.o.f.. The difficulty emerges from the R¢ term, which is not present in usual GR. A way
to remove such term from the action is to perform a conformal transformation [13], i.e.

Vep(9) V,oVHe, (5.6)

Guv = Guv = OG- (5.7)

Eq. (5.7) affects every other quantity that depends on the metric, in particular for 3+1

dimensions
V=7=¢*V=g, (5.8)
AL 9(%)2
¢ 2\ ¢

where @u is the covariant derivative in the transformed manifold. Substituting the trans-
formations above in Eq. (5.5) we obtain

R=¢|R+3

, (5.9)

- = ~ 2
S = M,%/d4x\/fg RygYuVie 9<V“¢> _V@ (5.10)

¢ 2\ ¢ ¢?

from which is already clear that the first term is just the Einstein-Hilbert action (4.84).
To make explicit that we are dealing with an ordinary scalar field we redefine ¢:

® =3¢ (5.11)
Rewriting S in terms of ® we arrive at
5 1 =
Sy = Ml%/d‘lx«/—g{R + 5(v,;1>)2 —V(®)|, (5.12)
in which .
V(D) = e VsV (e2/V3). (5.13)

We have proved in Eq. (5.12) that the theory defined by Eq. (5.1) is GR plus a scalar
field coupled to gravity in the standard way. This result is actually very well established
in the literature [31, 32], but with its theoretical worth overlooked. On the one hand one
can say that Eq. (5.12) really is a novel theory of gravitation since it has some new physics
given by the new scalar d.o.f. ®. On the other hand, though, we argue that Eq. (5.12) is
not a truthful modification of GR, because it only accounts for the addition of some new
field ®. Intrinsically the gravitational interactions are still described by the dynamics of
a massless spin 2 particle, namely Eq. (4.84). With this reasoning we start to understand
how strong the result of the previous chapters really is. Even the most arbitrary function
f(R) just adds a trivial scalar field to the theory and leaves the dynamics of the graviton
essentially unchanged.

However surprising, we should have foreseen this. If we construct a field theory which
is GR plus something (see Eq. (5.2)), then by our previous result we will certainly obtain
GR plus something coupled to it. In order to hope for a true modification of gravity, we
must break at least one of the assumptions we have made at the beginning.
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5.2 Massive Gravity

The second class of theories we will consider are the Massive Gravity ones. As the name
suggests, everything we did so far will remain the same, except the mass of the graviton:
in MaG the graviton will acquire a mass M different from zero. We immediately see that
those theories must be quite complicated, since well established experimental facts such
as the one in Eq. (1.1) must hold still. Nevertheless we still try to comprehend in what
respect they will differ from GR.

As said previously, f(R)-theories are somewhat smoothly connected to GR and hence
resulted to be a trivial modification of the latter. Such is not true for MaG. This statement
may be understood by the following argumentation. Take for instance the propagator in
Eq. (3.33) for massless graviton in harmonic gauge:

1 )
A?wa,@(p) = ppgvaﬁ = @[U#oﬂluﬁ + NuBNMva — nw/naﬁ]a

obtained by solving the EoM. The addition of a mass M through the Fierz-Pauli term [28]

M2

_ pwy 12
Ly = (Pyuh — 1?) (5.14)
will result in a different EoM, given by
Ohap — 207 0(a hgyo + M (hyy + nyh) = XN, (5.15)

in contrast to Eq. (3.21). The inversion of the above equation is a bit more complicated,
but nevertheless straightforward. The propagator is given by [5, 9]

y . A S T
Avas(p) = mp,uuaﬁ = 57 — a2y | mels T upTve = 3T lap | (5.16)

where 7j,,, is a new momentum-dependent tensor defined by

- bup
Nuv = Npv — ]l\};- (5.17)
The fact that the propagator structure for the massless and the massive one at zero
momentum are not equal,

P/i\;[aﬂ(p = 0) 7£ P[(A)VO[B’ (518)

is known as van Dam-Veltman-Zakharov (vDVZ) discontinuity and happens due to the
factor of 2/3 in Eq. (5.16). In fact, it follows from Eq. (5.18) that, as the propagation
at low energy (p — 0) is distinct, MaG is a priori an intrinsically distinct theory of
gravitation. But this is actually disastrous because it contradicts the predictions from
GR, in particular Eq. (1.1) follows exactly because the graviton is a massless particle. We
have reached a dead-lock, where on the one hand we have found a truthful modification
of GR, but one the other hand made all phenomenology inconsistent with experiments.
How do we conciliate both? The answer to this question is actually very complicated
and involves much more theoretical tools than the ones we are dealing with in this paper.
Although the situation is highly non-trivial, we can still have a deeper understanding of
it by using the same spin 1 analogy we’ve used previously. Through this analogy we may,
in particular, visualise why the vDVZ discontinuity is a huge problem and how it relates
to the physical graviton.
Consider the propagator for a spin 1 particle given by the diagram

1N

= B~ 5.1
p? — M2 + i€’ (5.19)

K ~rAA~AAnn~n Y
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where Ny, = Ny, (p, M) is some tensor and M is the mass for such particle. The denom-
inator of Eq. (5.19) is determined based on unitarity grounds as already said previously
in Chapter 3. Not exactly by chance, but the numerator of Eq. (5.19) is also determined
by unitarity, it must be the sum of all physical polarisation states of the particle, hence
9, 12]

*i i PuDv -
le(p, M) = ZGM (p)ey(p) = N + ﬁ = —Nuv- (5'20)

Note that in the above expression we have the first piece that depends on neither the
momentum nor the mass, and the second that depends on both. This sum can be factorised
into two pieces, the one that depends only on the helicity modes and the other that
represents the sole longitudinal mode, namely

Nuw(p, M) = > €el(p)et(p) + €L (p)eL (). (5.21)
h=t—

This is an essential step, because such factorisation has the same foundation as the one
we have made in Chapter 3 to determine the coefficients from Lagrangian (3.7), in which
we separated the transverse and longitudinal mode for the spin 2 case. For spin 1 this
decomposition is given by [12]
T
Ay=A,+0,m, (5.22)

with 0, AE = 0. Gauge invariance is the restored if the longitudinal mode also transforms
as m — w46 under gauge transformations. Therefore we can use the usual gauge invariance
of AE to actually make the sum of transverse polarisation vectors equal to

Y e p)ebp) = —nw, (5.23)
he—t—

in other words, to drop all momentum dependency on the longitudinal component. From
this point of view, the term proportional to ﬁ in Eq. (5.20) must be associated with
eZL (p)e(p) alone. Hence, if we are interested in the M — 0 limit, we see that the piece
that blows up to infinity is exactly the one that must be removed from the polarisation sum
in the massless case, the longitudinal component. In this sense the massive propagator is
connected "continuously" to the massless one. We just need to realise that the origin of
the singularity comes from the DoF that must be discarded.

As we have already seen, such procedure fails for the graviton, as the momentum inde-
pendent part of of propagator (5.16) does not match the one obtained from the transverse
polarisation sum given in Eq. (3.33). This situation cannot be reversed by performing
a gauge transformation, because only momentum-dependent pieces are affected by them.
The vDVZ discontinuity indicates that the interactions between the longitudinal modes of
the massive graviton are highly non-trivial and interfere in the dynamics of the transverse
modes.

From this point onward the development of MaG becomes very technical and not
particularly illuminating to the discussion here. What is worth remarking is that the
vDVZ discontinuity can indeed be removed through the so called Vainshtein mechanism,
which is a screening of the longitudinal modes by non-linear interactions that emerge in
the M — 0 limit, and we are left essentially with GR plus scalar fields [5].

A final remark on MaG theories is in order. What all MaG theories have in common
is obviously the fact that the graviton acquires a mass, hence experiments that measure
such mass can bound those theories. There are many kinds of independent experiments
[34, 35, 36]. For example, ones that measure the Yukawa potential, others that comes
from gravitational waves detection and even some that measure signals from systems of
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binary pulsars. From weak gravitational lensing measurements one gets [19] the following
upper bound:
M <6-1073% eV, (5.24)

Note that the value of this mass is extremely small, it is way smaller than the bounds for
the photon [19]. Despite the smallness of this value, Eq. (5.24) is still consistent with the
idea of a IR modification of GR, because, as stressed out in the beginning of this chapter,
the relevant distance scale at which new interactions should appear is H 1. So we should
expect M ~ Hy ~ 10742 V. Notwithstanding this value puts MaG theories into a tight
spot. Can a value of 10732 eV produce significant effects? And if it really is massive, how
do we explain the smallness of this mass? Those are question to be answered in the future,
when the theoretical and experimental nature of the graviton are better understood.
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Conclusion

On the first part of this work we presented a complete argumentation that General Rela-
tivity is the only theory consistent with a massless spin 2 field theory. In particular, we
avoided bias from our previous knowledge of GR and made a clear proof relying only on
particle and field theoretical methods. This line of thought is also consistent with spin 1
gauge theories, in the sense that the gauge structure and non-linear interactions share the
same pattern in both theories.

We have explored on the second part two classes of modifies theories of gravitation.
Although both kinds of theories are very different from each other and have distinct
relations to GR, they end up being equivalent to GR coupled to some other d.o.f.. This
shows us that the uniqueness of GR as a field theory can tell us lots about other theories
that attempt to modify it. Consequently, it is essential to understand the subtleties of the
field theoretical formulation of gravity if we ever hope to consistently modify Einstein’s
theory of gravitation.
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